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Anderson localization induced by complex potential
R. Wang, K. L. Zhang, and Z. Song∗
School of Physics, Nankai University, Tianjin 300071, China
Uncorrelated disorder potential in one-dimensional lattice definitely induces Anderson localiza-
tion, while quasiperiodic potential can lead to both localized and extended phases, depending on the
potential strength. We investigate the Anderson localization in one-dimensional lattice with non-
Hermitian complex disorder and quasiperiodic potential. We present a non-Hermitian SSH chain to
demonstrate that a nonzero imaginary disorder on-site potential can induce the standard Anderson
localization. We also show that the non-Hermitian Aubry-Andre (AA) model exhibits a transition
in parameter space, which separates the localization and delocalization phases and is determined
by the self-duality of the model. It indicates that a pure imaginary quasiperiodic potential takes
the same role as a real quasiperiodic potential in the transition point between localization and de-
localization. Remarkably, a system with complex quasiperiodic potential exhibits interference-like
pattern on the transition points.
I. INTRODUCTION
The localization phase in quantum systems, which is
originally rooted in condensed matter1, has recently at-
tracted a lot of theoretical and experimental interest in a
variety of fields, including light waves in optical random
media2–5, matter waves in optical potential6–9, sound
waves in elastic media10, and quantum chaotic systems11,
since the localization of quantum particles could pre-
vent the transport necessary for equilibration in isolated
systems. Anderson localization12 predicts that single-
particle wave functions become localized in the pres-
ence of some uncorrelated disorder, leading to a metal-
insulator transition caused by the quantum interference
in the scattering processes of a particle with random im-
purities and defects. A conventional Anderson localiza-
tion is not controllable in one and two-dimensional sys-
tems. Nevertheless, localization does not require disorder
and fortunately, the Aubry-Andre model13,14, which has
quasiperiodic potential, exhibits a transition between a
localized and extended phases. In practice, quasiperiodic
potential arises naturally in optical experiments using
lasers with incommensurate wave vectors. Accordingly,
many experiments in such systems have now observed
single-particle localization7,15–19. While any optical sys-
tem that includes gain or loss is non-Hermitian by nature,
it has been shown that the presence of the imaginary po-
tential causes many surprising effects20–24.
Motivated by the recent development of non-Hermitian
quantum mechanics25 both in theoretical and experimen-
tal aspects26–38, we investigate the localization transi-
tions in non-Hermitian regime. Several pioneer works
have been devoted to investigate the tight-binding sys-
tem with non-Hermition PT -symmetric quasiperiodic
potential39–41. The extension from real potential to a
complex one raises the question of whether the real and
imaginary part of complex potential has correlated ef-
fect on the Anderson localization. Especially, since the
quasiperiodic potential does possess an intrinsic phase,
the phase difference of real and imaginary quasiperi-
odic potential may influence the Anderson localization
transition. This is the main purpose of the present
work. We investigate the Anderson localization in one-
dimensional lattice with non-Hermitian complex disorder
and quasiperiodic potential. We present a non-Hermitian
SSH chain to demonstrate that a nonzero imaginary dis-
order on-site potential can induce the standard Ander-
son localization. We also show that the non-Hermitian
Aubry-Andre (AA) model exhibits a transition in param-
eter space, which separates the localization and delocal-
ization phases and is determined by the self-duality of
the model. It indicates that a pure imaginary quasiperi-
odic potential takes the same role as a real quasiperi-
odic potential in the transition point between localization
and delocalization. Remarkably, a system with complex
quasiperiodic potential exhibits interference-like pattern
on the transition point, i.e., the phase difference be-
tween real and imaginary quasiperiodic potential deter-
mines the boundary of transition. Our approach opens a
new way to investigate the interplay of localization and
gain/loss in non-Hermitian system.
This paper is organized as follows. In Sec. II, we
present a non-Hermitian SSH chain with disorder stag-
gered balanced gain and loss. We map this model to
an equivalent Hermitian one and show the existence of
Anderson localization. In Sec. III, we show exactly that
a non-Hermitian AA Hamiltonian with imaginary quasi-
periodic potential possesses a self-duality and manifests a
localization transition at the self-dual point. In Sec. IV,
we demonstrate that the real and imaginary quasiperi-
odic potential has interference effect on the Anderson
localization transition. Finally, we give a summary in
Section V.
II. LOCALIZATION IN NON-HERMITIAN SSH
CHAIN
We consider a non-Hermitian SSH chain with disorder
staggered balanced gain and loss. The simplest tight-
2binding model with these features is
HSSH = (1 + δ)
N∑
j=1
a†jbj + (1− δ)
N−1∑
j=1
b†jaj+1
+H.c.+ i
N∑
j=1
γj(a
†
jaj − b†jbj), (1)
where δ and γj , are the distortion factor with unit tun-
neling constant and the alternating imaginary potential
magnitude at dimmer j, respectively. In this work, we
focus on the weak limit of imaginary potential |γj | ≪ 1.
Here a†l and b
†
l are the creation operator of the particle at
the lth site in A and B sub-lattices. The particle can be
fermion or boson, depending on their own commutation
relations. (A sketch of the lattice has been shown in Fig.
1.) In the following, we will show that a nonzero disor-
der staggered balanced gain and loss can lead to standard
Anderson localization.
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FIG. 1. (Color online) Schematic illustration of the equiva-
lence between imaginary and real potential via non-Hermitian
SSH chain in strong dimerization limit. (a) Lattice geometry
for the model described in Eq. (1), that represents a non-
Hermitian SSH chain with position-dependent PT -symmetric
imaginary potential pairs. Solid (empty) circle indicates A
(B) lattice, while thin and thick solid lines indicate distorted
hopping terms. A PT dimmer (circled by the red dashed
line) contains two strongly coupled sites with opposite imagi-
nary potential (indicated by opposite arrows). (b) Equivalent
model described in Eq. (8), that represents two independent
uniform chains with opposite position-dependent real poten-
tial. If the imaginary potential iγj in (a) is disorder, the real
potential Vj in (b) is also random distribution, supporting
Anderson localization.
We start with the non-Hermitian PT -symmetric dim-
mer at position j, with the Hamiltonian
hj = (1 + δ)(a
†
jbj + H.c.) + iγj(a
†
jaj − b†jbj). (2)
It can be diagonalized as the form
hj =
√
(1 + δ)2 − γ2j (αjαj − βjβj), (3)
by introducing particle operators42,43


αj =
aj+e
−iϕj bj
1+ie−iϕj
, βj =
aj−e
iϕj bj
1+ieiϕj
αj =
a
†
j
+e−iϕj b†
j
1−ie−iϕj
, βj =
a
†
j
−e
iϕj b
†
j
1−ieiϕj
, (4)
with
tanϕj =
γj√
(1 + δ)2 − γ2j
. (5)
Based on the identity
(1 + δ)(a†jbj + b
†
jaj) + iγj(a
†
jaj − b†jbj)
=
√
(1 + δ)2 − γ2j (αjαj − βjβj), (6)
and the condition
1 + δ ≫ 1− δ, |γj | ≪ 1, (7)
which lead to cosϕj ≈ eiϕj ≈ 1, one can neglect the
transition terms between sites with opposite potential,
and get the approximate expression
HSSH ≈ 1
2
(1− δ)
N−1∑
j=1
(
αjαj+1 − βjβj+1
)
+H.c.+
N∑
j=1
Vj(αjαj − βjβj). (8)
The original system reduces to two independent uni-
form chains with opposite real on-site random potential
Vj =
√
(1 + δ)2 − γ2j . Hamiltonian HSSH is diagonaliz-
able since operators
(
αj , βj , αj , βj
)
satisfy the canonical
commutation relations. It indicates that HSSH can be re-
garded as a Hermitian model in the context of biorthog-
onal inner product. On the other hand, we have shown
that if a state
|ψ〉 =
∑
j
(Ajα
†
j |0〉+Bjβ†j |0〉), (9)
with AjBj = 0 for all j, i.e., it has only single-chain com-
ponent,
{
α†j |0〉
}
or
{
β†j |0〉
}
, the dynamics of |ψ〉 is the
same as that in a Hermitian chain, exhibiting the stan-
dard Anderson localization. Furthermore, the mapping
between the Hermitian and non-Hermitian Hamiltonian
matrices (i.e., the similar matrix) is a local transforma-
tion, which cannot result in localization transition. In
conclusion, we provide an example to demonstrate that
a nonzero imaginary disorder on-site potential can induce
the Anderson localization.
Numerical simulation is performed to demonstrate our
conclusion. For simplicity, we consider a uniform chain
with disorder potential. The Hamiltonian takes the form
HAnd =
∑
l
a†lal+1 +H.c.+
∑
l
µla
†
l al, (10)
3where the potential is simulated by a sequence of ran-
dom complex variables. According to the theory of An-
derson localization, all the eigenstates are localized for
any nonzero real random variables. On the other hand,
our analysis indicates that imaginary random variables
may also induce localized states. We perform the simu-
lation for two cases, (i) µl = ran(−b, b)eiφ, with φ = 0,
pi/4, and pi/2, (ii) µl = µ0e
iran(−pi,pi). Here ran(−b, b) de-
notes a uniform random number within (−b, b). In case
(i) with φ = 0, it corresponds to real disorder potential,
which is in the framework of Anderson localization. In
case (i) with φ = pi/2, it corresponds to imaginary dis-
order potential, which is the situation of our prediction.
In case (i) with φ = pi/4, the real and imaginary disorder
potential has the same amplitude. In case (ii), the real
and imaginary part of potential is out of phase but keep
an identical norm.
To characterize the localization natures, we employ the
inverse participation ratio (IPR), as a criterion to distin-
guish the extended states from the localized ones, which
is defined as
IPR(n) =
∑
l |〈ψn| l〉|4(∑
l |〈ψn| l〉|2
)2 . (11)
Meanwhile, the average IPR (AIPR) for all energy lev-
els is defined as the form of AIPR= 1
N
∑N
n=1IPR
(n). For
spatially extended states, it approaches to zero, whereas
it is finite for localized states. For a non-Hermitian sys-
tem we introduce the quantity, dressed energy
ε˜n = sgn[real(εn)]|εn| (12)
to specifies the energy in non-Hermitian regime. We plot
the result in Fig. 2, which show that the complex random
potential of several types can induce Anderson localiza-
tion as our prediction.
III. SELF-DUALITY UNDER IMAGINARY
POTENTIAL
Consider a uniform chain with imaginary quasiperiodic
potential, which has the form
HIm =
N∑
l=1
a†l al+1 +H.c.+ i2γ
N∑
l=1
cos(ql)a†lal, (13)
which is an extension from a standard AA model to a
non-Hermitian version by extending γ to iγ, and q =
2piβ, β determines the degree of the quasiperiodicity. The
simplicity of HIm allows for exact theoretical statements
in certain cases. For example, the 1D disordered Ander-
son model HAnd with real potential allows for only local-
ized eigenstates at all energies independent of how weak
the disorder may be. The standard AA model with the
1D incommensurate potential has either all eigenstates
extended or localized depending on the strength of the
potential. It is due to the self-duality of the Hamiltonian,
which concludes that an AA Hamiltonian with irrational
q manifests a localization transition at the self-dual point
|γ| = 1, (14)
i.e., all eigenstates are extended (localized) when |γ| < 1
(|γ| > 1). In the following, it is readily to show that
the same thing happens exactly for a non-Hermitian AA
model.
Taking the Fourier transformation
al =
1√
N
∑
n
(−1)leiqnlan, (15)
we can obtain
− iHIm = γ
∑
n
(a†nan+1 +H.c.) + 2i
∑
n
cos(qn)a†nan.
(16)
Obviously, HIm and −iHIm has the identical complete
set of eigenstates and have self-duality with the self-dual
point γ = 1. It indicates that the imaginary quasiperi-
odic potential takes the same role leading to localization
transition. Numerical simulations are given in Fig. 3
and Fig. 4 to demonstrate our conclusion about the self-
duality under the imaginary potential model.
IV. INTERFERENCE EFFECT ON
LOCALIZATION TRANSITION
We have seen that a real or imaginary quasiperiodic po-
tential has the same effect on the localization when they
show up individually. A natural question is what hap-
pens when the quasiperiodic potential is complex. There
are many variety of complex potential. In this work, we
consider the complex potential with identical frequency
HComp =
N∑
j=1
(a†jaj+1 +H.c.) + 2V
N∑
j=1
cos(2piβj)a†jaj
+i2γ
N∑
j=1
cos(2piβj +Φ)a†jaj , (17)
but different phase difference Φ. In the following, we aim
at the effect of Φ on the localization transition point. We
consider the form of Φ in two simple ways. (i) We take
the Φ in the range of [0, 2pi] and it is independent of the
values of V and γ. (ii) Phase difference Φ is taken as a
function of V and γ, Φ = m tan−1(γ/V ), where m is an
integer. We note that the point along V and γ axes of
γ−V plane can be exactly solved as the transition point,
i.e., when |γ| < 1 (|γ| > 1) at γ axis, all the eigenstates
are extended (or localized), the same as γ axis but for
the point |V | < 1 (|V | > 1) at V axis. The numerical
simulation is performed in the following procedure. For
a given point (V, γ), we compute the eigenstates by exact
diagonalization. Then the IPR of all the levels and the
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FIG. 2. (Color online) Numerical simulations for a uniform ring model with random potential sequence {ul}. Plots of IPR
(blue line) along the energy level index n for four typical sequence {ul}, which have the expression µl =ran(−b, b)eiφ with
(a) φ = 0, (b) φ = pi
4
, (c) φ = pi
2
, and (d) µl = µ0e
iran(−pi,pi). The value of AIPR is described by the red line. The system
parameters are N = 500, u0 = 2, b = 2. It shows that (a), (b), and (c) have similar results, indicating that a complex disorder
potential takes the same role as a real one to form Anderson localization. Panel (d) shows a different pattern, which may be
due to the different type of expression. Nevertheless the result still accords with our prediction.
average IPR (AIPR) for all energy levels can be obtained.
Meanwhile, we confirm that the maximal and minimal
IPR has not much deviations from the average, then we
can use AIPR to describe the characters of extended (or
localized) eigenstates. In Figs. 3 and 4, we find that the
localization transition boundary is strongly depends on
both the magnitude and the phase of the complex poten-
tial. The AIPR profiles exhibit interference-like patterns
in the parameter space. We also notice that patterns in
both figures are asymmetrically under the switch of V
and γ. It is probably due to the Hermiticity of the hop-
ping term, which breaks the balance between the real and
imaginary potential.
V. CONCLUSION
In summary, we have investigated an extension of lo-
calization to non-Hermitian system. We have obtained
three main results. (i) Based on the equivalence between
a disorder non-Hermitian SSH model and a Hermitian
uniform chain with real random on-site potential, we have
shown exactly that the uncorrelated disorder imaginary
on-site potential can induce Anderson localization. (ii)
We presented a non-Hermitian AA model, by replacing
a real quasiperiodic potential by an imaginary one. It
has been shown to have self-duality and thus supports
the transition from extension to localization. (iii) Fur-
thermore, we also studied the interactive effect of real
and imaginary quasiperiodic potential on the localiza-
tion transition. Numerical simulations indicates that the
phase difference between real and imaginary quasiperi-
odic potential determines the boundary of transition, ex-
hibiting an interference-like pattern. Our approach opens
a new way to investigate the interplay of localization and
gain/loss in non-Hermitian system.
APPENDIX
In this Appendix, we present a detailed derivation for
the diagonalization of a non-Hermitian SSH chain with
Hamiltonian
HSSH = (1− δ)
N−1∑
j=1
b†jaj+1 +H.c.+
N∑
j=1
hj. (18)
Here each hj describes a non-Hermitian PT -symmetric
dimer
hj = (1 + δ)(a
†
jbj +H.c.) + iγj(a
†
jaj − b†jbj), (19)
at position j. It can be diagonalized as the form
hj =
√
(1 + δ)2 − γ2j (αjαj − βjβj), (20)
by introducing canonical particle operators in the aid of
biorthogonal inner product. The particle operators


αj =
aj+e
−iϕj bj
1+ie−iϕj
, βj =
aj−e
iϕj bj
1+ieiϕj
αj =
a
†
j
+e−iϕj b†
j
1−ie−iϕj
, βj =
a
†
j
−e
iϕj b
†
j
1−ieiϕj
, (21)
with
tanϕj =
γj√
(1 + δ)2 − γ2j
, (22)
or inversely


aj =
(eiϕj+i)αj+(e−iϕj+i)βj
2 cosϕj
bj =
(1+ie−iϕj )αj−(1+ieiϕj )βj
2 cosϕj
a†j =
(eiϕj−i)αj+(e−iϕj−i)βj
2 cosϕj
b†j =
(1−ie−iϕj )αj−(1−ieiϕj )βj
2 cosϕj
, (23)
which satisfy the canonical commutation relations
[αj , αj′ ]± =
[
βj , βj′
]
±
= δjj′ , (24)
[αj , αj′ ]± = [βj , βj′ ]± = [αj , αj′ ]± =
[
βj , βj′
]
±
= 0,
5(a) (b) (c) (d)
FIG. 3. (Color online) Color contour maps of the AIPR in the complex γ − V plane for the system of Eq. (17) with several
types of potential configurations. Cause the period of patterns is pi/2, then the simulations are given for the potential with
four typical phases (a) Φ = 0, (b) Φ = pi/16, (c) Φ = 3pi/16, and (d) Φ = pi/2. We see that the AIPR along V and γ axes
indicate the localization transition point, which accords with our analysis in Eq. (14). Beyond the axes, the transition point
exhibits evident interference pattern. The system parameters are N = 500, β = (
√
5− 1)/2.
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FIG. 4. (Color online) The same as Fig. 3 but for the system with potential in the expression Φ = m tan−1(γ/V ). Plots of
eight typical patterns with integer m = 1, 2, 3, ..., 8, respectively.
for the interchain particles,
[
αj , βj′
]
±
=
[
αj , βj′
]
±
= [αj , βj′ ]± = [αj , βj′ ]± = 0,
(25)
for the intrachain particles. Straightforward derivations
show that
(1 + δ)(a†jbj + b
†
jaj) + iγj(a
†
jaj − b†jbj)
=
√
(1 + δ)2 − γ2j (αjαj − βjβj), (26)
and
b†jaj+1 + a
†
j+1bj
= [
(
eiϕj+1 + i
) (
1− ie−iϕj)αjαj+1
+
(
e−iϕj+1 + i
) (
1− ie−iϕj)αjβj+1
− (eiϕj+1 + i) (1− ieiϕj)βjαj+1
− (e−iϕj+1 + i) (1− ieiϕj)βjβj+1]×
(4 cosϕj cosϕj+1)
−1 +H.c.. (27)
Under the condition
1 + δ ≫ 1− δ, |γj | ≪ 1, (28)
6we have
cosϕj =
√
(1 + δ)2 − γ2j
1 + δ
≈ 1− γ
2
j
2(1 + δ)2
≈ 1, (29)
eiϕj =
√
(1 + δ)2 − γ2j + iγj
1 + δ
≈ 1 + iγj
1 + δ
≈ 1,(30)
and then
b†jaj+1 + a
†
j+1bj
≈ 1
2
(αjαj+1 + αjβj+1 − 2βjαj+1 − βjβj+1)
+
1
2
(α†j+1α
†
j − α†j+1β
†
j + β
†
j+1α
†
j − β†j+1β
†
j) (31)
=
1
2
(αjαj+1 + αjβj+1 − βjαj+1 − βjβj+1) + H.c..
Neglecting the transition terms between sites with oppo-
site potential, we have
b†jaj+1 + a
†
j+1bj ≈
1
2
αjαj+1 − 1
2
βjβj+1 +H.c.. (32)
Then we have the approximate expression
HSSH ≈ 1
2
(1− δ)
N−1∑
j=1
(
αjαj+1 − βjβj+1
)
+H.c.+
N∑
j=1
Vj(αjαj − βjβj), (33)
where real potential Vj =
√
(1 + δ)2 − γ2j . On the other
hand, we have
[
αj , α
†
j′
]
±
=
δjj′
1 + sinϕj
,
[
βj, β
†
j′
]
±
=
δjj′
1− sinϕj , (34)
[αj , αj′ ]± = [βj , βj′ ]± =
[
α†j , α
†
j′
]
±
=
[
β†j , β
†
j′
]
±
= 0,
for the interchain particles,
[
αj , β
†
j′
]
±
= i tanϕjδjj′ ,
[
α†j , βj′
]
±
= −i tanϕjδjj′ ,
[αj , βj′ ]± =
[
α†j , β
†
j′
]
±
= 0, (35)
for the intrachain particles. It indicates that if a state
satisfy the relation
|ψ〉 =
∑
j
(Ajα
†
j |0〉+Bjβ†j |0〉), (36)
with AjBj = 0 for all j, i.e., it has only single-chain
component,
{
α†j |0〉
}
or
{
β†j |0〉
}
, the dynamics of |ψ〉 is
the same as that in a Hermitian chain.
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